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CN : Abstract 

A frame-like action for arbitrary mixed-symmetry bosonic massless fields 

in Minkowski space is constructed. The action is given in a simple form and 

Oh| consists of two terms for a field of any spin. The fields and gauge parameters 

are certain tensor-valued differential forms. The formulation is based on the 

unfolded form of equations for mixed-symmetry fields. 
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Introduction 

Due to the ever-growing interest in field theories in higher dimensions, the study of 
mixed-symmetry fields, i.e., those that correspond generally to neither symmetric 
nor antisymmetric tensor representations of the Wigner little algebra, was started 
from the paper pj and continued further in [21 [3l HI [5l [6] . 

In Ad the spin is a single (half)integer. In the general case the spin degrees 
of freedom are in one-to-one correspondence with finite-dimensional unitary repre- 
sentations of the Wigner little algebra, which is so{d — 2)ll| for massless fields and 
so{d — 1) for massive ones. Therefore, the spin can be naturally characterized by 
Young diagrams. The most developed cases correspond to one-row (symmetric) and 
one-column (antisymmetric) diagrams (tensors), in the former case the Ad-spin is 
equal to the number n of boxes in one-row Young diagram [n + 1/2 for fermions). 

The theory of massless mixed-symmetry fields has been developing over the last 
decades within different approaches, which can be split into light-cone, metric-like 
and frame-like onecl, in accordance with the types of fields used. 

Within the light- cone approach one deals with tensors of the Wigner little algebra 
and, hence, manifest Lorentz symmetry is lost. Nevertheless, the light- cone approach 
turned out to be very effective in constructing cubic vertices, which is the first 
nontrivial attempt of introducing interactions. For instance, the cubic vertices of 
mixed-symmetry fields for d > 6 were constructed in ^ |TU] (see [TT] for a review) , 
inspiring the investigation to find full non-linear theories of mixed-symmetry fields. 
The fist attempts towards an explicit construction of manifestly covariant cubic 
vertices for mixed-symmetry gauge fields were made in [121 US] ■ 

Within the metric-like approach fields are the world tensors, which are analogous 
to metric field g^i,. The metric-like approach can be split further into constrained 
and unconstrained approaches, according to whether or not some trace constraints 
are imposed on fields and gauge parameterqj. 

Within the unconstrained approach of [I5l [161 [13 [HI [IH] fields and gauge pa- 
rameters are not subjected to any trace constraints. A nice feature of the uncon- 
strained approach is its relation to the low-tension limit of free string field theory 
jl6[ [2Ul [211 [ISl [22] • However, the actions for unconstrained mixed-symmetry fields 
are only available in a nonlocal form ^14j . Also, within the BRST approach, in which 
no off-shell trace constraints are imposed, the fields with the spin corresponding to 
two-row Young diagrams were studied in detail [231 [211 [23 [21] . 

The constrained^ approach is ascribed to Fronsdal who showed in [2B] that totally 
symmetric massless fields have to be subjected to double-trace constraints for the 
equations to be gauge invariant and to describe the correct number of physical 
degrees of freedom [21] . In the pioneering paper by Labastida [6] on massless mixed- 



^ Strictly speaking the stability subalgebra of a light-like momentum is iso((i — 2), however 
iso((i — 2)-translations have to be realized trivially for massless fields, reducing iso((i — 2) to 
so(d-2). 

^Let us also mention the ambient approach of [7], see [8] for recent developments. 

•^For the review of all approaches see [l4] . 

^In principle, fields can be taken to be irreducible Lorentz tensors, though the gauge parameters 
in addition to being algebraically irreducible must satisfy differential constraints [27j . 



symmetry fields, a set of generalized trace constraints for fields and gauge parameters 
was suggested, the gauge invariant equations were derived and the local action was 
constructed. Unfortunately, it was not proved in [6] that the correct number of 
physical degrees of freedom propagates, this was proved in [H] . 

Making use of Fock space oscillators allowed Labastida to write down con- 
straints/gauge transformations/equations/action for all mixed-symmetry fields at 
once. However, due to the lack of Young symmetry constraints a Fock space vec- 
tor contains in its decomposition multiple copies of the same representations. In 
order to single out a particular mixed-symmetry field Young symmetry projectors 
are required. For individual mixed-symmetry fields the constraints/the field equa- 
tions/the gauge transformations were obtained in p3]. To single out the action for 
a particular mixed-symmetry field from [6| appears to be a very involved procedure. 

Within the frame-like approach [30j fields are tensor-valued differential forms, 
which are generalizations of vielbein e° and Lorentz spin- connect ion tuJJ'*. The frame- 
like approach has a lot of advantages: the use of differential forms simplifies introduc- 
ing interactions with gravity; the forms take values in certain irreducible represen- 
tation^ of the Lorentz [511 ESI ESI or (anti)-de Sitter algebra [SZl ESI EH SSI il] , i.e., 
tangent tensors are not subjected to complicated double-trace constraints; frame- 
like fields can be recognized as Yang-Mills connections of the space-time symmetry 
algebra; the most important is that frame-like fields can be embedded into the full 
set of fields of the unfolded approach. From this perspective the frame-like approach 
is a very promising one. 

The unfolded approach itself is a reformulation of field equations in the first 
order form with the help of exterior differential and differential forms ^21 H3l HI] . 
The unfolded approach appears to have a very rich underlying structure, so-called 
Free Differential Algebras [IS], which are also used in supergravity and M-theory 

nsmzmsiiiniEn]. 

Among arbitrary-symmetry fields, distinguished is a subclass of totally-symmetric 
massless higher-spin fields, which has been the most extensively studied. Free 
totally-symmetric higher-spin fields were reformulated within the unfolded approach 
[12] and then the consistent nonlinear deformation of the unfolded equations was 
found in 4d \51[ 152] . generalized further to arbitrary space-time dimension in [55]. 

The crucial ingredient is to find a higher-spin algebra, which is a non-abelian 
infinite-dimensional extension of the space-time symmetry algebra satisfying admis- 
sibility condition [51], i.e. a gauging of the algebra must match some unitary rep- 
resentation thereof. The admissibility condition relates group- and field-theoretical 
aspects of the theory, stating that in order for some gauge theory with gauge algebra 
g to be consistent the spectrum of relativistic fields that live on the solutions of the 
equations of motion has to match some unitary representation of g. 

As for totally-symmetric higher-spin fields, the admissibility condition for higher- 
spin algebras turned out to be very restrictive, discarding most of possible higher- 



^The forms that take values in reducible representation of the Lorentz or (anti)-de Sitter algebra 
describe reducible sets of massless fields [31], which are related to the tensionless limit of string 
theory [3l [32l [33l [HI [21]. This possibility can be referred to as the unconstrained frame-like 
approach. 



spin multiplets. For example, the simplest higher-spin algebra contains a single 
copy of a field of each spin s = 0, 1, 2, .... For this reason, until admissible higher- 
spin algebras for mixed-symmetry fields are known it would be better to work with 
individual fields rather than fix any particular infinite multiplet. 

Recently the unfolded form of equations for arbitrary mixed-symmetry bosonic 
and fermionic massless fields in the Minkowski space has been constructed [53]. It 
turned out that the rather unnatural algebraic constraints that must be imposed 
both on fields and gauge parameters within the constrained approach of Labastida 
can be easily explained. The Labastida fields and gauge parameters can be identified 
with certain components of tensor- valued differential forms, connections of the space- 
time symmetry algebra. It is worth stressing again that the unfolded approach 
succeeded in constructing full non-linear equations for totally-symmetric higher-spin 
fields. 

In this letter we construct a simple frame-like action for arbitrary-spin massless 
mixed-symmetry fields in Minkowski space. In contrast to the constrained approach, 
where the number of terms in the action grows rapidly with the rank of a tensor, 
within the frame-like approach the action consists only of two terms for an arbitrary 
mixed-symmetry field; the Lagrangian equations are manifestly gauge invariant. 

In Section [1] we recall the general properties of massless mixed-symmetry fields 
in Minkowski space, essential features of the unfolded approach are given in Section 
121 The action is constructed in Section [31 

Notation 

Greek indices /x, u, ... = 0...{d — l) are the world indices of the Minkowski space-time. 
Lowercase Latin letters a,b,c, ... = 0...{d — 1) are the tangent indices in the basis 
that is defined by background vielbein /i^. h^j^h'^rjab = g^iu, diiu is a metric tensor in 
some coordinates and rjab = diag{l, — 1, ..., — 1) is the invariant tensor oi so{d — l,l). 
In Cartesian coordinates with hf, = ^J^ there is no distinction between world and 
tangent tensors. 

A group of n (anti) symmetric indices ai...a„ or ab...c is denoted {a[n]) a{n) or 
([a6...c]) {ab...c). (Anti)symmetrization is denoted by placing a group of indices in 
(square)round brackets, or by designating indices by the same letter. Only necessary 
permutations are performeqj, e.g., for a vector V^ and a symmetric rank-two tensor 

Jjab __ jjba yiajjbc) ^ Y'^JJ^'^ -L Y'^U'^^ + V^U'^'^ and Y'^U"''^ = Y'^^U'^^"'^ + ^'*2^a3ai _|_ 
Ya3jjaia2 

All the necessary information on Young diagrams and mixed-symmetry tensors 
is collected in Appendix lAl 



^Note that the (anti)synimetrization operation defined in this way is just an abridged notation 
for a number of distinct terms with permuted indices rather than a weU-behaved projector. 



1 Massless Mixed- Symraetry Fields 

Though we work with world tensors in this Section, in order to simphfy the compari- 
son with the unfolded approach, it is useful to convert all world tensor indices to tan- 
gent ones by virtue of inverse vielbein h^"-, e.g., d°- = h^'^d^, (t>"-^'^'> = (p^^ ^^h^^"-...h^'''^. 

We start by briefly reviewing the general properties of totally-symmetric and 
totally-antisymmetric fields, whose spin degrees of freedom are characterizecu by 
Y{(s, 1)} and Y{(l,p)} irreducible representations of the Wigner massless little 
algebra so{d — 2), respectively. 

A symmetric spin-s field. As was found by Fronsdal in [2B], a totally- 
symmetric spin-s massless field can be describeqj by a symmetric rank-s tensor 
field (pi"-^---'^") ^ satisfying 






m n , ' 1 1 "i 



where in order for gauge parameter ^<^i-<^s-i ^q \^q differentially unconstrained only 
the second trace of the field has to vanish, i.e., the field has to take values in a 
reducible representation oi so{d — 1, 1). 

An antisymmetric (p-form) field. Analogously, a totally-antisymmetric 
massless field or p-form can be described by an antisymmetric rank-p tensor field 
^[ci...cp]^ satisfying 

Uuo^'-^^ - d^^^dmoj"^^^-^"^ = 0, (Jcj^^-^'' = ^["1^^2-^pl, (1.2) 

where gauge parameter ^ci...cp_i jg ^ rank-(]9 — 1) antisymmetric tensor. The gauge 
symmetry is reducible in the sense that not all of the gauge parameters do affect the 
field, these are represented by the second level gauge parameters ^ci--cp-2^ ^^ci...cp_i _ 
glci^c2...cp^i] ]2iodulo those components of ^^'^■■■^p-^ that do not affect ^ci...cp_i ^^^ g^ 
on until 6^,'^ = d'^C,- 

Mixed-symmetry massless fields join together nontrivial trace constraints of sym- 
metric fields with reducible gauge symmetries of p-form fields and introduce a new 
feature of having more t han on e gauge parameter. Let us consider the case of 
a spin-Y{s,t}, i.e., spin-bxn \ field in detail and review general properties of 
arbitrary-spin mixed-symmetry fields. 



''The diagrams are given by specifying the lengths of the rows as Y{si, ..., s„} or by specifying 
the widths and the heights of its rectangular subblocks, e.g., Y{(s,l)} = Y{s} and Y{{l,p)} = 
Y{1, ..., 1}. See Appendix lAl for more detail. 

p 
^In fact, there is no strong interdependence between the representation Y of so{d — 2), i.e., 
the spin, and the representation of the Lorentz algebra Ym in which the field (f>{x) takes values. 
The most important and the most natural choice is when Y = Ym as Young diagrams, all other 
are referred to as dual formulations. Note, that Y corresponds to an irreducible representation 
of so(d — 2), whereas Ym correspond to a representation of so{d — 1, 1) that has to be reducible 
in most cases in order for equations of motion to be invariant under gauge transformations with 
differentially unconstrained parameters and for these field equations to admit a Lagrangian. For 
the minimal choice the term 'spin-Y field' is unambiguous. 



A spin-Y{s,t} field. A spin-Y{s,t} massless field can be described [B] by 
a field 0'*(*)'^(*) = ^ai...as,bi---bt^ which is symmetric in ai...as and bi.. .bt, separately, 
and (i)i'^-i--"-'""-s+i)b2-bt ^ g^ j_g_^ ^a{s),b(t) j^g^g ^]^g symmetry of I t i '. Analogously 
to symmetric fields, 0'^(*)'''(*) is subjected to double-trace constraints with respect to 
each of the two groups of symmetric indices 



im n as...as,bi...bt — n. iai...as,m n br^...b, 



m n 



0, 0«-— ^V"-"* = 0, (1.3) 



the cross traces with respect to a pair of indices from distinct groups need not 
vanish. Therefore, 0"(*)'^(*) contains a lot of irreducible components in general. The 
Labastida equations [B] 

^^a{s),b(t) _ QaQ^^a{s-l)c,b{t) _ QbQ^^a(s),b{t-l)c^ 

_|_ Qa Qb ia{s~l)c,b(t~l) QaQa,a{s-2)c ,fe(t) Qh rja Ms) ,b{t-2)c _ q \ ■ ) 

share the symmetry and the trace properties of 0'^(*)'*(*). The equations are invariant 
under gauge transformationqj 

^±a{s),b{t) ^ ■^ ~ ^ Qac^{s-l),b{t) _ QbMs),b{t-^) _^ ^ ga^a(s-l)&,fe(t-l) q ^n 

S — t + 1 ^ ^ s — 1+1^ 

where gauge parameters ^" and ^2 have the symmetry of rrn and 

EEn ^, respectively, and 

pa(s-3)m .6(t) 2 f ^a{s-3)bm, b{t-l) 2 ^a{s-3)66,m 6(t-2) \ _ p. /i f?N 

any double trace of ^i and ^2 vanishes, (1-8) 



2(g — t) f ^a{s-2)m, b{t-l) 1 ^a{s-2)b,m b{t-2) 



(s-t-i)V' " (s-t + i)^i "^ ; ^' 

2 / ^a(s-2)6m, fe(t-2) , 2 ^a(s-2)fe6,m fe(t-3) 

'2 m 

-.a(s-l),m b(t-2) _ „>.a(s-l)m, b{*-l) 



-.a(s-2)m ,fe(t-l) 



+ 



+ (s_t + l) 1^2 m +(3_i + 2)^2 ™ )> U-yJ 



^1 m '^2 m ' \ ■ J 

Identities (11. 6p and (11.71) imply that the trace of ^" with the symmetry of 

I i~\ and the trace of ^2 with the symmetry of IIE3I ^ vanish. Both ,^" 



and ^2 ~ have traces with the symmetry of EEn and ii^ , (II. 9p and (ll.lOp 
imply that these traces are not independent, being proportional to each other. 

In contrast to both symmetric and antisymmetric fields there are two gauge 
parameters, whose Young diagrams can be obtained by cutting off one cell from the 



^Some work with Young symmetrizers is needed to extract the formulae for particular mixed- 
symmetry field from the results of [6]. For example, the last term on the r.h.s. of (jl.Sp supplements 
the second one for the whole expression to have the symmetry of 0'^(*) ■''(*). In the general case, 
necessity for Young symmetrizers greatly complicates the issue of extracting given mixed-symmetry 
field out of [6j. 



spin Young diagram 
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and rFT 



However, by 



m various ways, i.e.^ ex 
the construction the traces of ^i and ^2 ~ ^^^ ^^^ independent. This 

pecuharity of algebraic conditions will get a simple explanation within the unfolded 
approach. Similarly to p-form fields the gauge symmetry is reducible 



ia(s),6(t) 



provided 



^^a{s-l),b{t) _ Qb a{s-l),b{t-^) 
^^a{s),b{t-l) _ ^a a(s-l),fe(t-l) 



_^^ga^ 



a{s-2)b,b{t-l) 



'1.111 



where the second order gauge parameter ^^'^(^^J^^* 1) is traceless with respect to 

0. 



each pair of indices and has the symmetry of EEi , i.e., -i^'j(«-i):«*(*-2) 

A general mixed-symmetry field. In the general case of a spin-Y = 
Y{si, ...,Sn} massless field, field 0y is a Lorentz tensor with the symmetry of Y 
and in addition to the Young symmetry constraints 0<^(«i)'''(«2)'---.'^(«") satisfies [5] 



VccVcld' 



ia{si),...Msi-4:)ccdd,...J{sn) 



0, i E [l,n] 



;i.i2) 



i.e., the second trace with respect to any four indices from the same group of sym- 
metric indices must vanish. Gauge parameters at the r-th level of reducibility have 
the symmetry of 



Sl 



T 



Pi 



-l^^T 



P2 



sn - i- 
Pn 



h 



vN 



i=N 



i=N 



Y.^^ = Hp' 



:i.i3) 



1=1 



i=l 



where it is convenient to combine the rows of equal length into blocks, i.e., Y = 
Y{(si,pi), ..., {sn.Pn)}- Therefore, the first level gauge parameters are obtained by 
cutting off one cell from the bottom-right of any block. Evidently, there are N gauge 
parameters at the first level. The trace conditions on the first level gauge parameters 
are more complicated than (11.121) (cf. fll.6p - fll.10l) ). see [SI [H] for more details, the 
general statement is that the traces of gauge parameters are not independent. This 
fact suggests that all gauge parameters can be incorporated into a single object as 
they do within the unfolded approach. 



2 Essential of the Unfolded approach 

The unfolded approach [IJl HSl HI] is a reformulation of field-theoretical systems as 

dW^ = F-^{W), (2.1) 



where W'^ is a set of differential forms over the space-time, which do not necessary 
have the same degree, g^ being the degree of W-^, d - exterior differential on the 
space-time manifold and F-^(W) is a degree-(o^ + 1) function that is assumed to be 
expandable in terms of wedge products onljcj, i.e., 

oo 

F-^{W) = Y, E f\...BW^'^-^W''", (2.2) 

where f\,„B„ are constant coefficients satisfying f\„s,B,...Br, = i-Y"''^''' f\...BjBi...Br, 
F-^CW) is also assumed to satisfy an integrability condition, called generalized Ja- 
cobi identity, 

P'a^F' - °. (2-3) 

which can be obtained by applying d to (12.11) . Any solution of (12. 3p is said to 
define a Free Differential Algebra ^^ HHl El SH] • In the field-theoretical sense (12. 3p 
corresponds to Bianchi identities. 

By virtue of (12.31) . equations (12. ip are invariant under gauge transformations 



SW^ = d^^ + eg^F^, forg^>0, (2.4) 

SW^ = e'g^F^, B':qs' = l, for g^ = 0, (2.5) 

where ^"^ is a degree- (g^ — 1) form with values in the same space as W"^. Due to the 
fact that each W-^ of degree g^ > possesses its own gauge parameter ^•^, nonzero 
degree fields are gauge fields. Provided that F-^{W) is linear in a subset a;* C W-^, 
5uj^ = itself can be treated as unfolded system with respect to ^^ and, hence, the 
gauge transformations that does not affect the field tu*, i.e., the second level gauge 
transformations, are of the form 



-'5 



5C = dx'-X^^F\ (2.6) 

where x* is a degree- (g^ — 2) form, and so on for deeper levels gauge symmetries. 
Therefore, a degree-g, gauge field u^ have exactly g, levels of gauge transformations. 

Consequently, equations of motions, gauge symmetries, reducible gauge sym- 
metries and Bianchi identities are the simple consequences of the single algebraic 
identity (12. 3p . For example, if we are given some gauge transformations the equa- 
tions and the Bianchi identities can be easily recovered. In addition, the use of 
differential forms makes unfolded approach manifestly covariant. 

The most simple example of an unfolded system is given by one-form connection 
f2^ of some Lie algebra g with structure coefficients /j^, satisfying 

dn^ = -fjj^Q-^Q^. (2.7) 



10 



Further the wedge symbol A wiU be systematicahy omitted. 



The generalized Jacobi identity reduces to the ordinary Jacobi identity on /j^ and 
(12. 7p is a zero Yang-Mills strength (flatness) condition on field Ql^. We take Qi^ to 
be a connection of the Poincare algebra, i.e., Q^ = {w"''^,h"'}, where m"''^ = w"^^ 
is a Lorentz spin- connect ion and h°- = /i" is a background vielbein. Any nontrivial 
solution {h°^ is a nonsingular matrix) of fiatness equations 

dK" + w%/i^ = 0, (2.8) 

dw^^^ + ro"',ro"'^ = (2.9) 

provides us with the basis of a tangent space /i" and with Lorentz spin-connection 
tij"''', the latter is used to define a Lorentz covariant derivative of differential forms 
with values in any representation of 5o{d — 1, 1), i.e., having some tangent indices, 

DT"^- = dT^^- + w^^X^- + w^'J"""^- + ... . (2.10) 

A simple solution of (12. 8112. 9p is given by Cartesian coordinates h'^^ = S^, w'^^^ = 0. It 
is assumed further that /i^ and ci7|^'* satisfy (12. 8112. 9p but the advantage of the unfolded 
approach is that no explicit solution is needed either to write down field-equations 
or to construct actions, being most effective in (anti)-de Sitter [311 EH EH EHl BO] . 

The set of forms W-^ consists of a background connection Vt^ and dynamical 
fields a;*, i.e., W-^ = {{w"'''', h°'},uj^}. As free fields only are considered, /i^ and w^'* 
are assumed to be of order zero and tu* are of the first order, with the equations on 
cj* being linear in tu*. The dynamical fields a;* are certain forms with values in finite- 
dimensional irreducible representations oi so{d — 1, 1), i.e., just irreducible Lorentz 
tensors. The most general linear unfolded equations on cj* are of the form 



DJ = -J2(^'^^ih,...,h,J), (2.11) 



where the part of the Poincare connection associated with the Lorentz-spin connec- 
tion ro'^'* is combined with d into the Lorentz covariant derivative D, which acts 
diagonally on tu*; a*-' are certain operators, which can be polynomial in h"' and sat- 
isfy (O since fl2. 8112.91) are equivalent to Dh"" = and D"^ = 0. No wonder that 
polynomial in vielbein /i^ can appear since field equations contain ^f^iy^f^^'^Ap-like 
terms, which are polynomial in background metric (yf^jy. Free Differential Algebras 
are closely connected with Lie algebras, in fact, coefficients of a^^ correspond either 
to modules or to Chevalley-Eilenberg cocyles of the Poincare algebra [56]. 

It turns out [55] that the unfolded equations for massless mixed-symmetry fields 
in Minkowski space are simpler than (12.110 and have the form 

Dio^ = -a^_{h,...,h,uj^+^), ^ = 0,1,..., (2.12) 

where (12.30 reduces to a^{h, ..., h, a^ {h, ...h, cu^^^)) = and the subscript _ is due 
to the fact that all fields can be graded by non-negative integer g and (T_ is of grade 
(—1). Dynamical field uj^ is a degree-g^ form that takes values in irreducible rep- 
resentation Yg of so{d — 1,1), i.e., the tangent tensor has the symmetry of Young 

8 



diagram Y^ and is completely traceless. The rank of tensor Y^ is a strictly increasing 
function of g. The operator a^_ is uniquely determined by Y^ and Y^+i, it contracts 
each extra index of Y^+i as compared to Y^, with h'^ and imposes, if needed, appro- 
priate Young symmetrizeicj. Therefore, qg is also completely determined by its value 
go at (7 = 0, {qg — g^+i + 1) being equal to the number of vielbeins to be contracted. 
Young diagrams Y^ are determined by the spin Y of the metric-like field 0y(2;). 

If we denote cr^(/i, .., /i,ci;^"'"^) simply as o"_(ct;^+^), fl2.3p is just a nilpotency of cr_, 
0"^ = 0. Technically, the nilpotency of a- is due to the fact that when applied twice 
to any field, sajo ^q/, it contracts two vielbeins with the same group of symmetric 
indices, which is identically zero because of h°'h!' = —h^h°'. 

It is convenient to define the space of gauge fields Wq^ = {uj^^,uj^^, ...}, the 
space of the first level gauge parameters Wqo_i = {'C^°_i, ^^^_i, •••}, which contains 
a finite number of parameters due to the fact that qg = for sufficiently large g. 
Analogously, we can introduce the spaces Wq^-k of deeper levels gauge parameters 
and the space of field strengths Wgo+i = {R^^_^_i, R^^^^, ...}, the spaces of Bianchi 
identities Wqo+k = {Bq°_^_j^, B^_^^_^^f,, ...}, k > I. With these definitions the unfolded 
equations and gauge transformations can be rewritten simply as 

Vujp = 0, ^p E yVp, 

6ujp = T>^p_i, ^p_i e Wp_i, 

S^p-i = T^ip-2, ip-2 e Wp_2, 

5ei = ^eo, ^oGWo, (2.13) 

where P = D + cr_ is a nilpotent operator "D^ = 0. The nilpotency of P is a 
simple consequence of (i) nilpotency of D, (-D)^ = (12.91) : (ii) zero-torsion Dh^ = 
(12. 8p : (iii) (o"_)^ = 0. Field strength -Rp+i = Vup satisfies Bianchi identity -Bp+2 = 
VRp+i = 0. 

Inasmuch as unfolded equations Vup = can be treated [57] as a sort of cocycle 
condition du = 0, by virtue of the Poincare lemma it follows that all fields except 
for zero-degree forms are pure gauge and, hence, in order for unfolded equations to 
describe a field-theoretical system with propagating degrees of freedom, zero-forms 
have to be included. 

A spin-two field [581 1121 US [371 (SS]. To make the above statements more 
clear let us consider the example of a free massless spin- two field, i.e., the linearized 
gravitation. The field u^^ is a well-known dynamical vielbein e^ = e^rfx^, the 
auxiliary field tu^^ is a dynamical Lorentz spin-connection uf' = u'^^dx^ = —uj'^dx^, 
the first unfolded equation 

Del + hccol" = (2-14) 



be irreducible Lorentz tensors with the symmetry of LI and Lr, 
respectively, i.e., w" = u"^'' = -lu''^'' and w^ = u"''''^ = u;'"^'= : lo^"''''^^ = 0. Then, Dw^ = cr-(t^^) 
with a-{ui^) = hcLo"''^''^ + j^cw"^'*^, where the second term(Young symmetrizer) is added in order 
for the whole expression to have the symmetry of uj'^ . 

^^A degree-g form with values in irreducible representation Y of so{d — 1, 1), i.e., the tangent 
tensor has the symmetry of Y and is traceless, is denoted as iS^ . 



is invariant under gauge transformations 

5e5 = DeS + /icC 5cof = D^^\ (2.15) 

where C,q = ^" and C.o' = ^"'^ are the gauge parameters associated with el and u^'^, 
respectively. We have to find F-^^W) in the sector of cuj^ such that (i) hnearized Ein- 
stein equations are imposed; (ii) Bianchi identities hcDu^'^ = are satisfied. Du^'' 
(in components ^{D^cu^'' — D^ujI^)) is equal to the linearized Riemann tensor i?JJ^, 
where it is useful to introduce its tangent version R"-''''^'^ = R^^^h^'^h^'^ . Linearized 
Einstein equations R^y — \g^yRxpg^^ = reduce to R°''^''"^ricd = 0, i.e., the trace of 
the Riemann tensor is zero but the traceless part of R"-^''^'^^ called Weyl tensor C"'^''^'^, 
need not vanish. If we impose Dlo'^ = 0, then, in addition to the linearized Einstein 
equations the Weyl tensor is also required to vanish, making the system dynamical 
empty. A Weyl tensor has the symmetry of bn, i.e., it is antisymmetric in pairs ab, 
cd and C^"'''''^'^'^ = 0. Therefore, the correct unfolded equations have the form 

£>< = -M.Co"''''^", (2.16) 

where a zero-form Cq '^ can be recognized as a Weyl tensor, which is the only com- 
ponent of R"-^''^'^ that can be nontrivial on-mass-shell. Bianchi identities hbDuf' = 
hbhchdC"'^'^'^ = are satisfied due to the Young symmetry of a Weyl tensor and the 
fact that vielbeins h"" anti-commute. Again, BC"'^''^'^ = can not be imposed as it 
constraints the Weyl tensor to be a constant, and so on. The full unfolded system 
has the form ^3] 



:2.i7) 



Del + hcUjT = 0, 




6el = DCo + KCo^ 






Du;f + h,hdC^'^'"' = 0, 




6uf = Dil\ 






Y^^aa,bb,c{k) , ^aa,bb,c{k)d 


= 0, 


r^aa^bb^cik) ^ 
OOq — U, 


k = 


= 0,1,..., 



where a set of zero-for ms Cq"' that are irreducible Lorentz tensors with the 



^3 



symmetrjo of bn is to be introduced 



The identification with the metric-like approach is as follows. The field e"''' = 
e^/i^* is to be decomposed as e"'^ = |0("^) + \'il)^°'^\ where T/^t"^' and 0*^"^^ are an 
antisymmetric and a traceful symmetric fields, respectively. In terms of 0"'' and ip""^ 
gauge transformations (I2A5D read Scp"^ = 8"^^ + 9*C 5^'''' = 8"^^ - 8^^"" + 2^"^ By 
virtue of a pure algebraic gauge symmetry with ^""^ field ■?/'"'' can be gauged away. 
Therefore, the dynamical field is 0"^, which can be recognized as the Fronsdal field 

dH]). 

Since field equations are of the second order, (I2.12p at (/ = expresses the 
first auxiliary field in terms of the first derivatives of dynamical Labastida field 
0Y G tu^", (I2.12P aX g = 1 imposes dynamical equations on 0y and expresses the 
second auxiliary field in terms of the second derivatives of 0y, higher equations 
{g > 1) impose no nontrivial constraints on 0y- Further, we concentrate on the first 
two unfolded equations only, since it is sufficient for constructing Lagrangians. 



i3(jaa,bb,c{k) jg antisymmetric in pairs aa^ bb, symmetric in ci...Cfc, traceless with respect to each 
pair of indices and satisfies C^'^'^MbAk) = q, C"^<J.[b&.f']c(fc-i) = q_ 
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A spin-s field [53, \^ SSI ETl ES] • The above can be generalized to a totally- 
symmetric sp in-g fi eld. In accord ance with the general construction of |55], Yq = 
I s-i I . Yi = br^ \ Y2 = hfr and go = Q'l = ?2 = 1- Therefore, the dynamical 
field 0"*^**^ is incorporated into a frame-like one-form e^ = e^ dx^, the first 

auxiliary field is cul and the first two unfolded equations together with the 

gauge transformations have the form 

Diof -''>''' + Kuf-'^'"' = 0, 600 f -''>''' = DCo''"''^''' + KCo'-^^'""- (2. 18) 

Similarly to the spin-two case e"^*"^-"'' = e^ h^^ decomp oses in to two fields 
^a(s-i)\b _ l^a{s~i)b _|_ i^a{s-i),b ^j^]-^ ^]-^g symmetry of 1 s 1 and L"*"^ ', respectively. 

Note that e'^*^*"^)''' is traceless with respect to ai,...,as-i and, hence, the second 
trace of 0'*'-*'' vanishes. In terms of and ip the gauge transformations have the form 

^0a{s) _ Qata{s-1} ^^^ ^^a{s-l),b _ t^ _ -[^.Qbfais-l) _ Qapa(s-2)b _|_ gpa{s-l),b_ There- 
fore, the traceless part of ■0'*(*~i)'^ can be gauged awa}0 by virtue of ^'^('*~^)'^. With 
world indices converted to the tangent ones according to Ci;'^(*~^)'^l^ = cu^ h'^^, 

^a{s-i),bb\c ^ ^a\s ), j^cfj, ^ ^j^^ g^^g^ ^^^ uufoldcd cquatious ( I2.18P are rewritten as 

gc^a(s-l)\d _ Qd^a{s-l)\c _ ^a{s-l),c\d _ ^a(s-l),d|c (2.19) 

gc^a(s-l),b\d _ gd^a(s-l),b\c _ ^a(s-l),fec|d _ ^a(s-l),M|c^ (2.20) 

Symmetrizing c with ai...as_i in (I2.19p . (I2.20p and, then, contracting (12.201) with 
rjhd results in 

^a{s-l),d\a _ Qd^a(s-l)\a _ Qa^a(s-l)\d (2.21) 

^a(s-i),m|^ = 5^e'^(^-2)"l'^ - 5-e"^'"'^'"'„, (2.22) 

9^cj"(^-i)'™l" - 5«^'^(^"i)'™l^ = 0, (2.23) 

where (12.221) is a contraction of (12.211) with rjaas- Note that ul ^ does note 

contribute to the dynamical equations of motion since it is auxiliary. Substituting 
(^rm . ^rm into ^rm and, then, making use of 0'^(") = e"(^-^)l" and 0""^"^'"^^ = 
2e \^ gives the Fronsdal equations ( 11. ip for 0"'-'*^ 

A spin-Y{s,t} field. According to the general recipe of [55] Yq 



T^^ 



1 = If-^ , Y2 = l±j^ and go = gi = 92 = 2. The Labastida field 0'^(*)'^(*) is 



Yi , . .„ ., -as-lbt-l 

to be incorporated into the frame-like field e^ and an analog of Lorentz 

spin-connection is given by UJ2 • The first two unfolded equations 



^a(s-l),fe(t-l),c ^ ^^a(s-l),fe(t-l),c _^ ^ ^a(s-l),fe(t-l),cd ^ g 


(2.24) 
(2.25) 



^''Note that the trace of the Fronsdal field 0°(*) is also contained in ■0"'^ ^■''^, namely, 
2(j)°-'-^~ '™ — [s — 2)ip°'^'^~ '"^' . Nevertheless, the dynamical components of e^ are equivalent 

to the Fronsdal field (p^-^'K 
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are obviously invariant under the first level gauge transformations 

^ga(s-l),fe{t~l) ^ ^^a(s-l),6(t-l) _^ ^ ^a(s-l),b(t-l),d 

^^a(s-l),b(t-l),c ^ ^£a{s-l),6(t-l),c ^ ^a{s-l),b(i--l),cd 

^^a{s-l),6(t-l),cc ^ ^£a(s-l),b(t-l),cc ^ ^a(s-l),fe(t-l),ccd 



(2.26) 

(2.27) 
(2.28) 



where the last term in (12.281) is related to higher-grade fields and is not needed in 
what follows, the only point being that it has o"_(...) form. 

In its turn the gauge fields are invariant under the second level gauge transfor- 
mations 



^^a(s-l),6(t-l) 
a(s— l),6{t— l),cc 



j^^a(s-l)Mt-l) + j^^^a^ 



a(s-l),fe{t-l),d 



a(s-l),fe(t-l),c 



sCi 



Dxo 



+ hdXo 



a(s-l),fe(t-l),cd 



+ hdXQ 



a{s-l),b{t-l),ccd 



(2.29) 
(2.30) 
(2.31) 



Let us draw the reader's attention to the conformity of equations with gauge trans- 
formations. Note that gauge fields/parameters take values in irreducible representa- 
tions of the Lorentz algebra, i.e., the tangent tensors have definite Young symmetry 
and are completely traceless. e«{«-i):''(*-i)|cd _ g^i^« )• )j^^lcj^ud ^^^ easily be de- 
composed into irreducible tensors of 5o{d — 1, 1) as 



S^®B: 



:Eir 



JET 



lEZI 



s-2 I ^ I s-'l I 



:Eir©iiEz 



I s I I s-l I I^TH I s-'2 I I s-1 I , 



nn 



(2.32) 



where all Young diagrams correspond to traceless tensors. The irreducible tensors 
in the first brackets of ( 12.32^ are the components of the Labastida field 0'^(^) >''(*) = 

ga(s-i),b(t-i)|af<_ in(ieed, by virtue of the second level gauge parameter Xo ^ 

r s-i I 
with the symmetry of bnr the respective component of the first order gauge 
parameter ^«{«-i):f'(*-i).cM = ^^^"^ '' ^ ^^/^a"^ qq^^ i^g gauged away, with the rest of 
irreducible components of ^«{«-i):f'(*-i).cM exactly matching the terms in the second 
brackets of ([232D- Therefore, it is 0'^(*)'^W = e'^(«-i)'*(*-i)l'^* that can not be gauged 
away by an algebraic gauge symmetry, thus being a dynamical field. Note that there 

I — s—V — I 

are two irreducible components with the symmetry of It-ii \ with one belonging 
to 0"(*'''^(*) and the other one being pure gauge. 

The Labastida double-tracelessness (IL3p is a consequence of the irreducibility of 
tangent tensors and of the lack of any trace conditions with respect to world and 



tangent indices. The Labastida gauge parameters ^^ 
identified as 



a{s-l),6(t) 



and ^. 



a(s),fe(t-l) 



(.a{s~l),b(t) 
SI 

>.a(s),fe(t-l) 
S2 



a(s-l),6(t-l)|b 
a(s-l),fe(t-l)|a 



+ ^e 



a{s-2)b,b{t-l)\a 



can be 

(2.33) 
(2.34) 
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then, nontrivial trace constraints fll.6til.lUT) are the consequence of this definition. 
To obtain, if needed at all, the Labastida equations (11. 4p from the unfolded ones 
fl2.24ti2.25|) is a simple 'symmetrizing and taking traces' problem. 

Prom unfolded to metric-like for a spin-Y{s, t} field. We work in Cartesian 
coordinates, i.e., /i° = (5^, tz7|^''' = and, hence, there is no distinction between world 
and tangent indices. With world indices converted to the tangent ones, the first two 
unfolded equations (^M>-(^^ read 

Q[c^a{s-l),b{t~i-)\cc] ^ _^a(s-l),b(t-l),[c|cc] (2.35) 

g[c^a{s-l),b{t~l),d\cc] ^ _^a(s-l),6(t-l),d[c|cc] (2.36) 

Symmetrizing ci, C2 with ai...as-i and bi...bt-i in (I2.35ti2736|) . and taking trace with 
respect to d and c in (12.361) results in 

Qa^a{s-l),b{t~i)\bc _|_ ^6ga{s-l),6(t-l)|ca _|_ Qc^a{s-l),b(t-'^)\ab ^ _^a(s-l),fe(t-l),c|a6 (2.37) 
Qa^a{s~l),b(t~l),m\b ^fe^a(s-l),fe(t-l),m| a g ^a{s-l),b{t-l),m\ab _ g ^2 ^g) 

Note that field UJ2 ~ '^^ is auxiliary and does not contribute to the dynamical 

equations, being excluded by the projector onto the Labastida equations. The third 
term in (I2.38P can be directly expressed from (I2.37P : to express the first two terms 
of (I2.38P we take the traces in (12.370 with respect to a^, c and 6j, c 



rja a(s-2)m,fe{t-l)|6 of, a{s-2)m,6(t-l)| a , o a(s-2)m,fe(t-l)|afe _ _ a{s-l),b(t-l),m| b 

(2.39) 

ga a.{s-l),b{t~2)m\b r^h a(s-l),b{t-2)m\ « i Q a{s-l),b{t-2)m\ab _ _ a(s-l),b{t-l),m\a 

rri »n "^ m' 

(2.40) 

The Labastida field 0'*(^)'f'W is to be identified as (P^i'^Mt) = ga(s-i),fe(t-i)|afe^ -^g 
various traces are given by 

ia(s—2)m ,b(t) q a{.s—2)m,b(t—l)\ b ia{s),b{t—2)m n a{s—l),b(t—2)m\a 

T m m 1 T rn m' 

ia{s—l)m, b{t—l) a{s—2)m,b{t—l)\a ^^ a{s—l),b(t—2)m\ b fO AT\ 

T rn m m ' V " / 

Substituting ^M), dMQ]), (12:371) into flOHD and, then, using fl2:iTD results in the 
Labastida equations (II. 4p . 

For the further comparison with the Lagrangian equations let us note that the 
dynamical equations have been obtained by making use of /^a(s-i),fe{t-i)|afec ^^^ 
R ^ components of field strengths (I2.24p and (I2.24p . instead of the 

whole field strengths. The auxiliary field UJ2 ~ '^^ does not contribute to 

T-,a(s—l),b(t—l),m\ab 1,1 j_ i- 

K m '-'y ^'^^ construction. 

It is significant that the above computations can be directly generalized to an 
arbitrary-spin mixed-symmetry field, resulting in the Labastida equations [B]. 
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A spin-Y field. The main statement of [SS] is that a spin-Yj^ massless field can 
be uniquely described within the unfolded approach. Yq is obtained by cutting off the 
first column of Y, i.e., Yq = Y{(si - l,pi), ..., {sn - 1,Pn)} = Y{/i2, hs, ..., /i^J, 
Yi = Y{hi + 1, hs, ..., hs^}, Y2 = Y{hi + 1, /i2 + 1, h, ..., /i^J. q^ = p = hi, qi = 
/i2, 92 = ^3- For instance, when sn > 2 



Yn 



si-i 



Pi 



5i^ 

P2 

PiV 



Yi 



Sl-i 
Pi 


S2-1 
P2 




sjv-i 
Pn 






U 





Yo 



si-i 

Pi 


S2-i 
P2 




sjv-i 

P]V 






_U 





(2.42) 



The sketch of the proof 



1. In order for gauge transformations to have p levels, the Labastida field 0y has 
to be incorporated into certain degree-p form e^°. The gauge parameter at 
the p-th level is a degree-zero form ^q ° and, hence, Yq has the symmetry of 
the single gauge parameter at the level-p (cf. (11.131) ). Converting all world 
form indices to the tangent ones 



^ai{si-l),...,ap{sp~l)\[di...dp] 



ai{si-l),...,ap{sp-l) ifildi lAipdp 
^i...fip '" ' 



(2.43) 



the field (J)y{x) is to be identified with e'^i(^i-i)'-''*j'(^p-i)l«i-'^j'. The Labastida 
double-tracelessness condition is a simple consequence of the tracelessness of 
the tangent tensor. All level-fc gauge parameters are contained in a single 
object ^p^fc, explaining the fact that the traces of gauge parameters are not 
independent within the metric-like approach. 

2. The gauge symmetry was made manifest by the price of introducing redundant 
components that are given by various components of e"-'i-i^'L-'^)'---''^pi^p-^)\[^i---d-p] 
that do not belong to (J)y{x), gauge parameters may also have redundant 
components. In order to make redundant fields non-dynamical, an algebraic 
{Stueckelberg) symmetry is introduced. Fortunately, all redundant components 
can be compensated by an algebraic gauge symmetry with a single ^g^Li 



K' 



analogously for gauge parameters at the level-fc 



<-^fc = ^C-/c-l + ^-(C.-fc-l^ 



(2.44) 



(2.45) 



3. Since gauge parameter ^g^Li is associated with the gauge field |^^^ the first 
unfolded equation is 

(2.46) 



De, 



Yo 
P 



+^-(<^; 



0. 



i^Y = Y{(si,pi), ..., (snjPn)} is taken in block's notation or Y = {/ii,/i2, ...ft-si}, hi being the 
height of the i-th column. Let p = pi + ... + p^ be the height of Y. It is obvious that hi — p, 
/i2 = p if s^v > 1 and h2 — p — pn, otherwise. 
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4. The Bianchi identities a_{Duj^^) = can be solved [S3] as 

Dujl^+a4ujl^) = 0. (2.47) 

5. Equation (12.471) implies new Bianchi identities and so on, resulting in the full 
unfolded system [55] . 

6. Despite the unambiguity of unfolding, the facts that (i) correct second order 
equations are indeed imposed on the dynamical field 0y G Gp° ] (h) the rest of 
the unfolded equations imposes no additional differential constraints on 0y; 
(iii) there are no other dynamical fields in the system; (iv) equations imposed 
indeed describe the correct number of physical degrees of freedono; have to be 
checked. The cr_ cohomology technique [511132] turned out to be very effective, 
solving all four problems at once [53] . 

3 Local Actions 

To begin with, let us note that the Maxwell action for a spin-one massless field 
S = —^ J d'^xF^^F'^", where F^^ = d^A^, — d„A^ and A^ is a potential, can be 
rewritten in the first order form 



S= fd'^x {d,A, - d,A^ + C,,) C^\ (3.1) 



where C^jy is a rank-two antisymmetric auxiliary field. The equations for Cp,y are 
algebraic with respect to C^^y and can be easily solved as C^^ = —\F^J^y. The key 
moment is that 03.11) admits a reformulation in terms of differential forms, i.e., 
frame-like fields to be embedded into unfolded systems 

S = ^ La^ + hl.KC''^ C^'^taa.(d-2)h\..h\ (3.2) 

where Ai = A^ is a Maxwell gauge potential one-form and C""^ = —C^°- is a degree- 
zero form, which is antisymmetric in tangent indices and is a tangent version of C^^p. 
eai...ad is a totally antisymmetric tensor, the Levi-Civita symbol. Use is made of 



tai...aa^k "' ■■■"■ 

■> V ' 

degree-(i volume form 



Cartesian 
coordinates 






"/il.../ift"a[fc] ' 



where S^^'""*' is a k-iioia with k antisymmetric tangent indices and (5^Li = 5a^ ■■■5al . 
A frame-like action for a totally-symmetric spin-(s > 1) field was constructed in 

5 = 



^d^uais^2) ^ i/i^cU--(-2),c)^^^^_^^n,.^^^^^^^_^^ j^. j^. ^ ^34) 



^^This problem was not solved by Labastida in general, but was solved in |14j. As it has been 
already noted the spin-Y{s,t} example can be easily extended to the general case in order to 
derive the Labastida equations from the unfolded ones for arbitrary-spin field. This provides us 
with another consistency check of the Labastida work. 
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which operates with the first two fields, the dynamical one and the first auxiliary 
one, of unfolded system fl2.18p and correctly reproduces the dynamical equations. 
Action (13.41) is equivalent to the Fronsdal one after solving the algebraic equations 
for auxiliary field cul^ and expressing the terms with e^ via (pp,^...^^. 

It is the action (13.41) that will be generalized to the action for an arbitrary mixed- 
symmetry field. Very instructive was the observation of [53, EH], naade on the basis 
of the simplest mixed-symmetry fields, that the indices of fields can be formally split 
into world and tangent ones. 

Since dynamical equations are of the second order, it is sufficient to make use of 
gauge fields/field strengths at grade zero and onq^ 

^J+i = ^eJ" + ^-(^JO, ^°+ie>V^;°, ef^^Wl=' (3.5) 

R\+^ = Du^^ + <j^{u^-), Rl+,eW'^l\, ujJ^eWl=\ coj- eWl='. (3.6) 

To construct an action, a degree-rf volume form that is bilinear in fields has to be 
found. It is convenient to introduce for any k = 0...d a degree-((i — k) form with k 
antisymmetric indices Eu[k] = ^u[k]bi...bd-kJ^^^ ■■■h'^'^''' y built with background vielbeins, 
which satisfiea^^l 

^ i=k 

h''Eu^,„Uk = ^ I \ I /^(~)'"^^'^»,;-^"i-".-"fc- (3-7) 

For a degree-(p' + l) form ^^",-^ with tangent indices a(si — 1), 6(s2 — 1), ..., c{sr — 

1), d, ..., e and a degree-g' form \l/ / with tangent indices a(si — 1), 6(s2 — 1), ..., c{sr — 
l),d,e, .., f provided that p + q = p' + q' let us define a scalar product 

q-r p+l—r 

(3.8) 
The first index from each of the groups is contracted with Eu...u- Since Yq and Yi 
coincides modulo first column, the rest of tangent indices of $ /' .^ are contracted 

with the corresponding tangent indices of \I^ ,\ 

Taking into account that the sum of the heights of the first columns of Yq and 
Yi is equal to the total degree {p + q+^) of $p'+i^q' and the tangent tensors have 
definite Young symmetry and are completely traceless, it is easy to see that the 
scalar product possesses two important properties 

{^-{QV)K') = (^-(^I^)|0lO, for any Q^\^^^ G W^^=\ (3.9) 

(|)Yo ^ >V9=0 

($J°|a_(T^^)) = 0, for any ^ % ' p' + r' = p + T. (3.10) 



^^Rccall that for a spin-Y field, where Y = Y{(si,pi), ..., (sjv,P7v)} = Y{/ii, /i2-.-, ^si}, P — 
Pi + P2 + ••• + Pn is the height of the first column of Y; We abbreviate qi and 52 as q and r, 
q'o being equal to p by definition. Note that q = p = h2 unless sat = 1 and q = p ~ pn = ^2 
otherwise. Then, Y = Y{p, g, r, /14, ..., ft-^i} Yq = Y{q, r, /14, ..., ft,^ J, Yi =Y{p+ f ,r, /i4, ..., ft.^ J, 
Y2 ^Y{p+l,q+l,h4,...,h,,}. 

^^ (1X7)) can be derived from the identity £[u,...ukb2...ba-k+i^bi]^'"h''^---f^''''''' = 0- 
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The proof of (13. 9 j) . Let 9^^ and "^^^ be elements of W^~^. Assume that q = p. 
Applying (13. 7p one obtains 



p+1 — r 



i=p+l P^ P+1^ 

E( Vies ua{si—2),...,ub{si—2),...,uc{sr—2),ii^...,u,m\Tr " v, vi'' ,iJ;...,u rp 

y ) ^Q ^Q a(si-2) mb{si-2) c{s^-2) -C/M[2g] 

i=p+l P+l-"- ^_^ 

V^ /ypv «a(si-2),...,fe{s,-l),...,«c{s,-2),C^Vl> ■" '-' '-''" '"'■■■'"Kroi 

Z^ I J ^<J ^q a{si-2) bisi-1) c(sr-2) -f^«[2g], 

i=l 

where the last expression is obviously symmetric with respect to 0^^ and \1/^^ , and 
use is made of the following simple consequence of the Young symmetry properties 

/^a{ki),...,b{ki — l)u,...,bc{kj — l),... /^a{ki),...,b{ki),...,uc{kj — l),... ^'i 1 1 ^ 

For the case p > q, cr_(By^) involves {p + I — q) vielbeins 

q-r 

ll h ua{si-2),...,uc{sr-2),u,...,u,mi,...,mj,+-i_-q /q 22) 

by applying (13. 7p mi, ..., mp+i_g turn out to be contracted with certain u, ...,u from 
the ii,...,'ip+i_g groups of ^p^^, the sum over different rearrangements is implied. If 
ik is in the range 1, ...,r then mj^ appears to be symmetrized with Si^ — 2 indices 
of the ik group and, hence, by virtue of (13. lip rrii^ can be exchanged with Ui^, the 
resulting expression being symmetric in B and \1/. If z^ is in the range r + 1, ..., p + 1 
TUi^ can be replaced with Mj^ directly since B is explicitly antisymmetric in the 
indices from the groups r + 1, ...,p + 1 (each group consists only of one index), and 
hence these terms can also be cast into the form that is explicitly symmetric with 
respect to B and \1/. ■ 

The proof of (IXTOj) . Let <I>J" and T^,^ be elements of W^r° and W^^^p,, p + r = 
p' + r' . Assume that q = r. Applying (13.70 one obtains 



p-q 



ff, na(si-2),...,nc(sr-2) L y u ,...,u ,um,u,...,u rp 

^P' 'hn^r' a{si-2) c{sr-2) J^u[p+q+l\ 



p-q 



E('_V(T) ua(s-i~2),...,mb{si-2),...,uc{sr-2)y u ,...,u ,...,u ,u ,u,...,u j^ 

\ ) ^P' ^r' a{si-2) b(si-2) c(s,.-2), m ^u[p+q] 



i=l 

i=r 



^ \^(_\i(f) ua{si-2),...,b{si-l),-,ucisr-2)y u ,..., ,...,« ,uu,u,...,u rp r. 

2-^\ ) ^P' -"-r-' a(si-2) b(si-l) c(s,.-2) ^u[p+q] — ^ 

i=l 

to obtain the last expression, which is identically zero since two antisymmetrized 
indices u appear in the same group of symmetric indices, use was made of (13. lip . 
The extension on g > r is similar to the proof of (13. 9p : among /imi---^mg_^+i of 



'9- 

q+l—r p—q 



a 



-(Tj^') < > }^^^J^^^_^^J^ua{s,-2),...,ucisr-2),um,...,um,u,...,u ^3 ^g^ 

17 



at least one of m will be contracted with some of the first r groups of indices of <J> 
and hence by virtue of (13. lip it can be exchanged with u, resulting in zero. ■ 

In order to derive the most general form of the action we use the three crucial 
observations: (a) fl3.8p is the only way to build a degree-d volume form of the 
elements of Wp^jL^ and W^^^; (b) there are two relevant elements of VVp^-^, i.e., 
De^° and a_{uj^^); (c) there is only one relevant element of W^"^, i.e., uj^^; the 
most general action is proved to be of the form 

S = {Del- + (1 + «)^-«^)l ^?^), (3.14) 

with a being a free coefficient. 

Lagrangian equations are to be of the form 

T^ = vri[i?°+i]=0, (3.15) 

OUq 

^ = MRl+i] = MD^J'] = 0, (3.16) 

OCp 

where tti is a projector into u^'^ and ttq is a projector into Cp", i.e., ttq and tti are 
the projectors induced by the contraction of -Rq_|_i and -Rp_|_i with Cp" and uj^^, 
respectively. Since (i) all dynamical fields are contained in Cp", i.e., u^^ is an 
auxiliary field; (ii) -Rp_|_i = does not impose any dynamical equations on Cp ° |55] , 
expressing u^^ in terms of the first derivatives of Cp" modulo a^ closed terms; it 
follows that TTi is trivial in the sense that it allows one to express non-exact part of 
cjji via the first derivatives of Cp". Since -Rq+i has two indices more than Cp", ttq 
contracts two indices, one form and one tangent, and imposes, if needed, the Young 
symmetry conditions, which are trivial in symmetric basis. By virtue of (I3.10p ttq 
sends a_{ujj^) to zero in accordance with the fact that uj^ does not contribute to 
the dynamical equations, i.e. the term {ep°\a_{ujj^)) can in principle be added to 
the action but it is identically zero. 

The action is to be invariant under the standard gauge transformations (I2.13P 

^ej« = /^ej^i + a„(eji,), eJ^iGW^:°, C-iew^:i, (3.17) 

5u^^ = DQI^ + a_(eZi), eJ-!i e will (3.18) 

Despite the fact that ui^'^ does not contribute to the dynamical equations, the action 
reveals a symmetry with gauge parameter ^^Zi- 

To check this invariance it is useful to rewrite the action as 5* = (-Rp+il^^O + 
Q;(o"_(a;^^)|a;^^). The action turns out to be invariant under gauge transformations 
both with ^p^i and ■Cr-i ^"^^ ^^y ^- However in order to cancel the variation with 
respect to ^^J.-^ the value of a = — | is required. Indeed, 

5S = (i?°+ilKO + 2a{a4ujJ^)\6ujJ^) = {RI+, + 2aa4ujJ^)\6ujJ^), (3.19) 

where the symmetry property (13. 9p and SRp_^_i = have been used. Then, substi- 
tuting (13381) 

6S = {Rl+, + 2aa_(^^0I^C-i) + (K+i + 2aa_(cuJOk-(C-!i)), (3-20) 
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the second term vanishes due to (13.101) . By virtue of D'^ = (12.91) and Dh'^ = 
(12. 8p the d-iorm in the second term of 

6S={1 + 2a){a4uJ^)\D^^l,) + {De^^\D^Jl,) (3.21) 

is exact and, hence, 6S = provided a = — |. Consequently, the action becomes 

5=(/^e^° + K(^^^)|c^J^) (3.22) 

Inasmuch as action (I3.22p is gauge invariant, the Lagrangian equations can be writ- 
ten in terms of field strengths (13.51) and (13. 6p . In Cartesian coordinates the variation 
of the action reads 

q—r p+l-r 



ss 

Sou 



X , D ua(si-2),...,uc(sr-2),vL^x , « ,■■■." ,u,...,u c-fi[p+q+l] ^ 



x(si-2) c{sr-2) 



u[p+q+l] 



vua{si-2),...,uc{sr-2),u,...,u\v[p+l]^ 
-'I' 'J^va{si—2),...,vc{Sr—2),v,...,v \u[q\ 

p+l — r 

TDai{si — l),...,ar{sr~'l),ar+i,...,aq\ai...ar...aq...ap+l __ n 



(3.23) 



6S_ 



p+l — r 



Kp —T^ , «a(si-2),...,-uc(sr-2),M,...,ur u ,...,u 



■2) 



,u,...,n rAi[p+g+l] 






i?' 



,ai{si — l),...,ar(sr — l),ar+i,...,aq,...,ap,m\a-i...aq 



(3.24) 



which gives tti and ttq with required properties. Indeed, after fixing the algebraic 
gauge symmetry for e^° the dynamical components of e^" are equivalent to the 
Labastida field 0y- Then, by definition of Yi and cr_, the nonzero components of 
De^° match cr_-nonclosed components of u^^ (actually all cr_-closed components of 
cjji are cr_-exact and, hence, are pure gauge by virtue of ^^_\ [55]). 

Note, that to derive the dynamical equations it is sufficient to set to zero the 
components of the field strengths Rp^^i and -R„4_i with the symmetry of Y^ = 
Y{/ii + 1, /i2, .../isi) = Y{(si,pi), ...(s7v,pAr), 1} and Y, respectively (see a spin- 
Y{s,t} example). It is the projection onto Y^ and Y that is made in (13.231) and 
(I3.24p . Obviously, tti allows one to express the components oi lj^^ with the symme- 
try of Y^ in terms of -DCp" from vti [-Rp4.i] = 0. ttq is even more trivial and allows 
one to project Rg^i onto components with the symmetry of Y. 

For example, for a spin-™ field action (13.220 has the form 



S 



del + -^h^K^i 



ubc 



uuu 

UJ-, e, 



■j{d-A)h ...h , 



(3.25) 



and after passing to world indices coincides with [35]. For a spin-hr 
(13:22|) has the form 



field action 



S 



J ua{s-2),ub(t~2) i _ !, . ua{s-2),ub{t-2),c 



0J2 



a{s-2) b{t-2) ^u(5)v{d~5)l>' ■■■'>' 



(3.26) 
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with the Lagrangian equations 

''ma(s—2),mb{t—2)\uu 



j^ua{s-2),ub(t-2),c\ mm r r. r3a{s-l),h{t-l),c\ ah r. /q oqN 

-K ^ (iema(s-2),mh{t-2)\uu — U =^ K ^ — U. (^-i.ZSj 



It is from these equations that the dynamical equations have been recovered in the 
previous section. 

To conclude, we note that despite the fact that the action fl3.22p is not built of 
field strengths and, hence, is not manifestly gauge invariant, equations of motion 
f l3.151IXTB]) are written in terms of gauge invariant field strengths. Simplicity of the 
frame-like action (13.221) is very encouraging and we hope it will be very helpful for 
the further study of mixed-symmetry fields. 
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A Young diagrams 

When working with mixed-symmetry tensors an essential use is made of Young di- 
agrams. A Young diagram is a picture consisting of n left-justified rows made of 
boxes, with the z-th row containing Sj boxes, Sj being non-increasing function of i. 

There is a number of ways to define a particular Young 
diagram that are used in applications. A Young dia- 
gram can be defined by directly enumerating the lengths 
3^ of rows Y{si,S2,...,s„}, e.g., Y{6, 6, 6,4,4, 1, 1}; by enu- 
merating the heights of columns Yj/ii, /;,2, ..., /^si}, e.g., 
Y{7, 5, 5, 5, 3, 3}; combining the rows of equal lengths into 
blocks Y{(si,pi), ..., (sAr,pAr}, pi being the number of rows of 
the length s„ e.g., Y{(6, 3), (4, 2), (1, 2)}. 
Each Young diagram defineo an irreducible under permutations of indices type 
of a tensor. There are two main bases that are used for tensors, namely, sym- 
metric and antisymmetric. A tensor y«(si).&(«2),...,rf(s„) jg gg^j^ ^-q have the sym- 
metry of Y{si, S2, ..., s„}, being taken in symmetric basis, iff it is symmetric in 
each group of indices ai...as^, bi-.-bg^,---, separately, and the symmetrization of 
all indices from any group with one index from the next group vanishes, i.e.. 



hi 


h2 


h 


h. 


h 


he 














































S4 










S^ 




s 
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We do not go into details of this correspondence, for systematic presentation see [60] 
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ja{si),...,b{si)Ms.+i-^),-Asn) = 0. In antisymmetric basis T''^hi],b[h2],-,d[hs,] jg anti- 
symmetric in each group of indices ai...a/ij, 61... 6/13, •••, separately, and the anti- 
symmetrization of all indices from any group with one index from the next group 
vanishes. To make tensors of the Lorentz algebra irreducible in addition to the Young 
symmetry conditions a traceless condition has to be imposed, i.e., the contraction 
of the so{d — 1, l)-invariant metric rjab with any pair of indices must vanish. It is 
also required hi + h2 < d since the Young symmetry together with the tracelessness 
makes so{d— 1, l)-tensors with hi + h2 > d he identically zero. We do not consider 
(anti)-self dual representations of so{d —1,1). 
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